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Reidemeister-Schreier method gives generators and relations of a subgroup of finite index of 
a group defined by generators and relations. In this note we introduce a graph-theoretical 
explanation of this method and we show two examples of its application. Let G = 
(a, b 1 a3, b*, R), that is, G is generated by elements a of order 3 and b of order 2 with one 
relation R = 1. We show that G with R of length at most 22 whose order cannot be computed 
by coset enumeration in [6] is of infinite order. Next let G = (a, b ) a’, b”, R) with R = W” and 
1, m, n > 1. Baumslag et al. [l] obtained that G has a representation where the images of a, b 
and W are of order I, m and n respectively and that G is infinite if l/l + l/m + l/n < 1. We 
prove the latter part of these results by using Reidemeister-Schreier method. 
Reidemeister-Schreier method 
Let G be a group which is generated by a subset S of G and let H be a 
subgroup of G. Let r be a directed graph with vertex set G/H and arc set 
{(Hx, Hxs, S) ( x E G, s E S}. 
We consider (Hx, Hxs, s) to be an arc from Hx to HXS which is labeled by s and 
at the same time to be an arc from Hxs to Hx which is labeled by s-l, r is called 
the Cayley diagram or the Schreier diagram of GIH with respect to S according as 
H is the identity group or not. If H is normal in G, we also call r the Cayley 
diagram of the factor group G/H. 
Now for a spanning tree of r we assign a distinct new letter to each of the arcs 
that are not contained in the tree, and also give an orientation arbitrary fixed. In 
Reidemeister-Schreier method these new letters are the set of generators of H 
(see [5]). Suppose that relations of G with the elements of S as generators are 
given. Then the relations of H are the collection of the following sequences: we 
trace each relation of G from each vertex along the label and we have a sequence 
of new letters and their inverses according to the directions tracing along or 
against the orientations. 
Tracing each relation gives a cycle (a closed walk) in r, and the arcs assigned 
new letters form a basis of the cycle space of r, considering each of them 
together with the spanning tree. If we assume all the generators of H commute 
mutually, then we have a presentation of the maximal abelian factor group of H. 
Graph-theoretically the cycle space generated by the relations gives the structure 
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of the factor group. In particular its order is infinite if and only if the rank of the 
cycle space is less than that of r. 
Application 
Let G = (a, b ( a3, b*, R). The cyclic conjugates or the inverse of a relation 
defines the same group, and so does interchanging a and a-l. So we do not 
distinguish these relations. The length of R is defined by the total number of ,*l 
and b in the sequence a*‘ba*‘b . - - a*‘b of the relation R. Matsuyama [6] tried 
to compute the orders of all groups with R of length at most 30 by coset 
enumeration program. Following is the list of the relations R of length at most 22 
that cannot be computed in [6]. 
(ab )“, n = 6,7, . . . , 11, 
(aba-lb)“, n = 3, 4, 5, 
((ab)4a-1b)2 = (ab)-‘(ab)“(b(ab)“b)ab, 
(ab)3a-1bab(a-*b)3aba-1b = (aba-1b)3(bab)-1(aba-‘b)3bab, 
((ab)3(a-1b)2)2, 
(ab)‘a-‘b(ab)2(a-‘b)2ab(a-‘b)2. 
All but the last two cases are known to be infinite or have factor groups which are 
known to be infinite (see [3,7]). 
Case ((ab)3(a-1b)2)2. First we note that it is easily seen that generally in 
Reidemeister-Schreier method we do not need to trace a relation b2 = 1 on a 
diagram by only identifying the two opposite arcs (Hx, Hxb, b) and (Hxb, Hx, b) 
if the two vertices HX and Hxb are different from each other. Then for the case, 
adding a relation (ab)4 = 1, we have a truncated hexahedron as the diagram by 
coset enumeration. If we take a spanning tree which contains two arcs of every 
triangle, then the relation a3 gives trivial generators. So the rank of the cycle 
space is easily computed and we have this case of infinite order. 
Case (ab)2a-1b(ab)2(a-1b)2ab(a-1b). Adding a relation (ab)3 = 1 gives a 
truncated tetrahedron and we have that the order is infinite as above. 
Next let G = (a, b ) a’, b”, IV). Suppose that the image G of G by the 
representation obtained in [1] is of finite order g. Let H be the kernel of this 
representation. Then in the Cayley diagram r of G which is a 2-regular directed 
graph without loops, clearly there exist g + 1 arcs not belonging to a spanning 
tree. Since the image of a is of order 1 and since a Cayley diagram is afforded by a 
regular representation, we have g/l cycles by tracing the relation a’ in r (cf. [4]). 
Computation of some Cayley diagrams 293 
Similarly we have glm and g/n cycles by tracing b” and W” respectively, and in 
total we have g/l + glm +gln cycles. Hence H has g + 1 generators and 
g/l + gfm + g/n relations. So if l/l+ l/m + l/n ~1, then the number of the 
relations of H is less than that of the generators of H. This implies that G is 
infinite. 
Note added in proof 
Conder [2] determined all the groups (a, b 1 a3, b2, R) with R of length at most 
24 in detail. 
Except three relations the author is now able to show the finiteness and 
infiniteness of the groups with R of length at most 30. 
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